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What is a parametrisation?

A parametrisation is a choice of parameters used to characterise
a distribution.

Example: the Gamma distribution

◦ with shape and scale parameters (α, θ) ∈ (R∗
+)

2

f Γ(x ;α, θ) =
θ−α

Γ(α)
xα−1 exp(−x

θ
)

◦ with shape and rate parameters (α, β) ∈ (R∗
+)

2

f Γ(x ;α, β) =
βα

Γ(α)
xα−1 exp(−βx)

◦ with mean and dispersion parameters (µ, ν) ∈ (R∗
+)

2

f Γ(x ;µ, ν) =
νν

Γ(ν)µν
xν−1 exp(−νx

µ
)

Which one to use?
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Orthogonal parametrisation

l(θ) a log-likelihood depending on

θ := (ψ1, . . . , ψm, ϕ1, . . . , ϕp) := (ψ,ϕ).

ψ and ϕ are orthogonal if ∀j ∈ {1, . . . ,m}, k ∈ {1, . . . , p},

iψjϕk := E
[∂l(θ)
∂ψj

∂l(θ)

∂ϕk

]
= 0.

In general, impossible to achieve (m + p unknown quantities for
mp restrictions), but...
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How to obtain an orthogonal parametrisation?
(Cox and Reid, 1987)

if θ = (ψ, ϕ1, . . . , ϕp) := (ψ,ϕ), with ψ a parameter of interest,
ϕ1, . . . , ϕp nuisance parameters
easier to construct a parametrisation

(ψ,λ) 7→ θ(ψ,λ) = (ψ,ϕ(ψ,λ)) such that l(θ(ψ,λ)) = l̃(ψ,λ),

with l̃ the reparametrised log-likelihood,
which is orthogonal, ∀j ∈ {1, ..., p},

E

[
∂2 l̃(ψ,λ)

∂ψ∂λj

]
= 0.

reduced to solve the PDE system

p∑
i=1

iϕiϕj
∂ϕi (ψ,λ)

∂ψ
= −iψϕj ,

with i·· a Fisher information.
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Example : Gamma distribution

◦ Gamma distribution in a classic parametrisation (α, θ):

f Γ(x ;α, θ) =
1

Γ(α)θα
xα−1 exp(−x/θ),

for x ≥ 0, α > 0 and θ > 0.

◦ an orthogonal parametrisation (α, ω) 7→ (α, θ(α, ω)):

iθθ
∂θ(α, ω)

∂α
= −iαθ ⇐⇒ ∂θ(α, ω)

∂α
= −θ(α, ω)

α
=⇒θ(α, ω) =

C (ω)

α

◦ with θ(α, ω) = ω
α , the density with orthogonal parameters :

f Γ(x ;α, ω) =
αα

Γ(α)ωα
xα−1 exp(−αx/ω),

for x ≥ 0, α > 0 and ω > 0.
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Some new orthogonal parametriations
(Huet and Prosdocimi, 2026)

distribution original density reparametrisation

Gamma f Γ(x ;α, θ) = 1
Γ(α)θα x

α−1 exp(−x/θ)
1. (α, ω) 7→ (α, θ(α, ω))

with θ(α, ω) = ω
α , α, ω > 0

Gumbel f Gumbel(x ;µ, σ) = 1
σ exp

(
−

(
x−µ
σ

))
exp

(
− exp

(
−

(
x−µ
σ

))) 1. (ν, σ) 7→ (µ(ν, σ), σ)
with µ(ν, σ) = (1− γ)σ + ν, ν ∈ R, σ > 0

2. (µ, ρ) 7→ (µ, σ(µ, ρ))

with σ(µ, ρ) = 1−γ
π2/6+γ2−2γ+1

µ+ ρ, ν ∈ R, ρ > 0

GP f GP(x ;σ, ξ) = 1
σ

(
1 + ξx

σ

)−1−1/ξ

+

1. (Chavez-Demoulin and Davison, 2005):
(ρ, ξ) 7→ (σ(ρ, ξ), ξ)

with σ(ρ, ξ) = ρ/(ξ + 1), ρ > 0, ξ > −1

2. (σ, ζ) 7→ (σ, ξ(σ, ζ))
with ξ(σ, ζ) = ζ − log(σ)/2, ζ ∈ R, ρ > 0

GEV2* f GEV2(x ;σ, ξ) = 1
σ

(
ξx
σ

)−1−1/ξ

+
exp

(
−

(
ξx
σ

)−1/ξ

+

) 1. (ρ, ξ) 7→ (σ(ρ, ξ), ξ)
with σ(ρ, ξ) = ρ|ξ| exp

(
(1− γ)ξ

)
, ρ > 0, ξ ̸= 0

* the GEV2 is the classic GEV distribution when ξ ̸= 0, and the upper- or lower-bound is fixed to zero
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Advantages of such parametrisations?

Main advantages:

◦ Decoupling the inference of a parameter of interest:

◦ asymptotically independent ML estimators;
◦ asymptotic estimation error on one parameter does not
deteriorate the estimation of the other;

⇝ “Misspecification of one component of the model does not
affect inference on the other parameter” (Heller et al., 2019;
Stadlmann et al., 2023).

◦ Beneficial properties for Bayesian inference:

◦ faster convergence of MCMC algorithms (Moins, 2023;
Tanskanen, 2018);

◦ facilitates the computation of Jeffreys priors.

◦ That’s it?
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A new way for comparing the parametrisations
Parameter set volume method

◦ Input: {Qθ : θ ∈ Θ} and {Qθ(η) : η ∈ H}
P0 a target distribution e.g., P0 = Qθ0 = Qθ(η0)

◦ for a radius r > 0, consider the probability ball

B(P0, r) = {Q : d(P0,Q) ≤ r}

◦ Compute Θ0(r) and H0(r) the preimages of B(P0, r)

Θ0(r) = {θ ∈ Θ : Qθ ∈ B(P0, r)},
H0(r) = {η ∈ H : Qθ(η) ∈ B(P0, r)}.

◦ Compare Θ0(r) and H0(r).
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How to interpret the results?
in terms of volume

V (Θ0(r))>V (H0(r)), then in the θ-parametrisation:

⇝ the mapping from parameters to distributions is less sensitive;

=⇒ distribution estimation may be more robust to parameter
estimation error, but the parameters are less identifiable.
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Gumbel, Gamma and GP distributions
Gumbel Gamma Generalised Pareto
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Figure: Euclidean balls in the classical parameter space are mapped into
the orthogonal space (and vice-versa). Black solid (r1) and dashed
(r2 := r1/2) sets are the Θ0 and H0 sets.

Table: Areas of Θ0(r) and H0(r).

Solid (r1) Dashed (r2)
Classic Orthogonal Classic Orthogonal

Gumbel 0.11029 0.11025 0.05371 0.05380
Gamma 0.05308 0.03725 0.02640 0.01843
Generalised Pareto 0.09341 0.14178 0.04641 0.07019
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What comes next?

◦ Explore other potential advantages of such parametrisations
(do you have any ideas to share?);

◦ Compare our parametrisations with existing methods, both in
regression and Bayesian frameworks.

⇝ Our goal is to provide a comprehensive study of
(orthogonal) parametrisations;

◦ In a non-stationary extreme-value context, use orthogonal
parametrisations to investigate the temporal evolution of each
parameter.
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Thank you for your attention!


